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Abstract. We present examples of many-body Wigner quantum systems. The position and the mo- 
mentum operators Ra and Pa, -A = l,...,n + 1, of the particles are noncanonical and are chosen so that 
the Heisenberg and the Hamiltonian equations are identical. The spectrum of the energy with respect to 
the centre of mass is equidistant and has finite number of energy levels. The composite system is spread in 
a small volume around the centre of mass and within it the geometry is noncommutative. The underlying 
statistics is an exclusion statistics. 



1. Introduction 

In the present paper we continue the study of the Wigner quantum systems (WQSs), initiated in [1-4]. 
Our interest in the subject is stimulated from the observation that some WQSs show atractive features, 
which cannot be achieved in the frame of the canonical quantum mechanics. The Wigner quantum system 
(WQS) from [1] (two noncanonical, nonrelativistic point particles interacting via harmonic potential), for 
instance, exhibits a quark like structure: the composite system has finite size, both constituents are bound to 
each other; moreover the geometry is noncommutative, the different coordinates do not commute. Another 
example following from [3,4]: two spinlcss particles, curling around each other, produce an orbital (internal 
angular) momentum 1/2. 

Here we extand the results of [1] to the case of any number of particles. For definiteness we consider 
n + 1 particles of the same mass m with a Hamiltonian 



where R^ — (Rai, Ra2, Raz) and Pa = {Pai, Pai, Pa3), A — 1, ...,n+ 1, are the positions and the 
momentum operators of the particles, respectively. 
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(1.1) 



The new features of the WQSs stem from the circumstance that their position and momentum operators 
(RP- operators) do not in general satisfy the canonical commutation relations (CCRs) (bellow and throughout 
[x, y]=xy- yx, {x, y} = xy + yx ): 

[R Aj ,PBk] =iK8 jk 8 AB , [RA j ,RBk] = [PA j ,PBk}=0, j,k = 1,2,3, A, B = 1, . . . ,n+ 1. (1.2) 

In certain cases the defining relations are weaker than the CCRs (the one-dimensional oscillator of Wigner 
[5], the osp{l/6) oscillators [3]) and therefore the canonical picture appears as a particular representation of 
the RP- operators. In other cases ([1], the osp(3/2) oscillator [3,4]) the RP-operators do not reproduce the 
canonical picture. The present paper is another example of this kind. 

The idea for studing such more general quantum systems belongs to Wigner [5] (see the discussions in 
[1-4]), who has generalized a result of Ehrenfest [6], sometimes refered to as an Ehrenfest theorem [7]. The 
latter states (up to ordering details, which are important, but will not appear in our considerations) that in 
the Heisenberg picture of the quantum mechanics the Hamiltonian (resp. the Heisenberg) equations are a 
unique consequence from the CCRs and the Heisenberg (resp. Hamiltonian) equations. In [5] Wigner has 
proved a stronger statement. He has shown that for certain interactions the Hamiltonian equations can be 
identical to the Heisenberg equations for position and momentum operators, which do not necessarily satisfy 
the canonical commutation relations. Wigner has demonstrated this on an example of a one-dimensional 
harmonic oscillator, studied subsequantly by several authors [8]. This observation is in the origin of our 
definition of a Wigner quantum system. The main point is that the position and the momentum operators 
R/i = {Rai, Ra2t Raz) and Pa — {Pai,Pa2,Paz), A ~ 1, . . . , n + 1, arc considered as unknown operators, 
which have to be defined in such a way that the Heisenberg equations 

P A = ~[VA,H tot ], R A = -^[TiA,H tot ] (1.3) 

are identical with the Hamiltonian equations 

2 "+ 1 -p 

Pa = -^t V(Ra-Rb), Ra = ^- (1-4) 
n + 1 ^ ' m 

B=l 

In addition the RP-operators have to satisfy other natural physical requirements. On the first place, they 
have to be defined as hermitian operators in a Hilbert space W, the state space of the system. Next, 
the description should be covariant with respect to the transformations from the Galilean group G. In 
particular we have to define the generators of G as polynomials of R^ = (Rai, Ra2, Ra3) and = 
(Pai, Pa2, Pas), A = 1, . . . ,n + 1, (and to identify the generators of the space rotation group 5*0(3) in G) 
so that R^4 = {Rai, Ra2, Ras) and = {Pai, Pa2, Pas) tranform as vectors. These restrictions on the 
RP-operators are in addition to those imposed from the requirement the Heisenberg equations (1.3) to be 
identical with the Hamiltonian equations (1.4). 

Our considerations are all of the time in the Heisenberg picture. We underline that the results depend 
on the dynamics, since the solution for R^, P^ we are searching for hold only for the Hamiltonian (1.1). 
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The paper is organized as follows. In the beginning of Sect. 2 we state the postulates of a Wigner 
quantum system. Then accepting some natural assumptions, which hold in the canonical quantum mechanics, 
we separate the centre of mass variables, which are postulated to be canonical. The rest of the problem is 
reduced to a noncanonical 3n-dimensional Wigner oscillator for the internal variables, i.e., the Hamiltonian 
reads 

a=l 

In Sect. 3 we study one possible solution for r a , p a , a = 1, . . . , n. It is defined in terms of operators, 
called creation and annihilation operators (CAOs), which satisfy certain relations (see (3.8)). In 3.1 we 
construct a class of Fock representations of the CAOs. Each such representation space is a state space of the 
oscillator. It is irreducible and finite-dimensional. The set of all Fock spaces are labeled with one positive 

integer p = 1, 2, As a result (Subsect. 3.2) the spectrum of the Hamiltonian (1.5) is equidistant and has 

min(3n + l,p + 1) different values. The related (n + 1)— particle system has finite space dimensions; the 
maximal distance between any two of its constituents is D = y ^^ 6 ^^ . The internal angular momentum 
M of the sistem takes all integer values from to n. A particular feature of the coordinate operators, 
corresponding to each particle, is that they do not commute with each other. Therefore, although the 
distances between the particles are integrals of motion, the position of each individual particle cannot be 
localized. The kind of noncommutative geometry, obtained in this way, holds only in a very small volume 
around the centre of mass. In a first approximation, namely up to additive terms proportional to Vh, the 
coordinates of all species coincide with the centre of mass coordinates (see (3.31)). In 3.3 we discuss shortly 
the underlying algebraical structure of the CAOs. It turns out the creation and the annihilation operators 
are odd generators of the orthosymplectic Lie superalgebra sl(l/3n). Therefore the Fock representations of 
the CAOs are in fact representations of this Lie superalgebra. Section 4 is not directly related to the Wigner 
quantum systems. Here we describe shortly the statistics of the creation and the annihilation operator, called 
A-supcrstatistics. In particular we formulate the Pauli principle of the A-superstatistics, which identify it 
as one of the exclusion statistics of Haldane [9]. It turns out that the A-superstatistics is very similar to 
the statistics of the g— ons as introduced by Karabali and Nair [10]. Some possible applications of the A- 
superstatistics are also mentioned. We complete the paper (Sect. 5) trying to justify why do we interpret 
the noncanonical operators R a and P a as position and momentum operators. 



2. Wigner quantum systems 

To begin with we give the following definition of a Wigner quantum system. A system with a Hamiltonian 

N 2 
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which depends on 67V variables and p^, k = 1, . . . ,N, interpreted as (Cartesian) coordinates and 
momenta, respectively, is said to be a Wigner quantum system if the following conditions hold: 

PI. The state space W is a Hilbert space. The observables are Hermitian (selfadjoint) operators in W. 
The expectation value (A) of the observable A in a state <f) is (A) — (<f>,A<f>) /((/>, </>). 

P2. The Hamiltonian equations and the Heisenberg equations are identical (as operator equations) in 

W. 

P3. The description is covariant with respect to the transformations from the Galilean group. 

The postulate PI contains the very essence of any quantum description. P2 (Wigner postulate) is 
weaker than the requirement the CCRs (1.2) to hold. Hence the setting is more general and, consequently, 
for certain interactions [1-4] the results differ from the predictions of the canonical theory. In the general case 
one has to care about the ordering of the operators, a problem which does not appear for the Hamiltonian 
(1.1). We would not go into discussions of the postulate of Galilean invariance P3. Here the setting is the 
same as in the canonical case (see, for instansc [11]). In particular it insures that the Hamiltonian and the 
Heisenberg equations do not prefer any origin in space and time or any direction in space. The transition 
probability \(ip, </>)|, ip, <f> € W remains unchanged under the Galilean transfomations of the states, etc. 

We proceed to satisfy P1-P3 with noncanonical position and momentum operators. To this end we 
pass to new variables, which formally coincide with the Jacoby coordinates and momenta [12], 

Y^n+l yj n+1 

r = ^^, p = E p ^> 

n + 1 ' 

_ E/j=l% _Q ^a+l _ 12/3=1 P/3 _ fl Po+l 

Tq, — , - , Pi i — , - , OL — _L , . . . , Tl. 

\Ja(a + l) \fa(a.-\-V) 
Then, despite of the fact that R, P,r Q ,p a are unknown operators, the Hamiltonian H tot splits into a sum 
of a centre of mass (CM) Hamiltonian Hqm and an internal Hamiltonian H, 

Htot — H C m + H, (2.2) 

where 



H 



CM 



2m(n + 1) 

x ' a=l 



The Heisenberg equations (1.3) read in terms of (2.1): 

% • % % % 

P = --[P,H tot ], R= --[TL,H tot ], p a = --[p a ,H tot \, r a = --[r a ,H tot ], a = l,...,n. (2.4) 

The Hamiltonian equations (1.4) yield: 

P = 0, R= j^—rr , p tt = -mw 2 r«, r a = — , a = l,...,n. (2.5) 
m(n+l) m 

The problem is to determine operators R, P,r Q ,p Q so that the postulates P1-P3 hold. In these variables 
P2 says that eqs. (2.4) have to be equivalent to eqs. (2.5). Certainly eqs. (2.4)-(2.5) are satisfied with 



canonical operators (the CCRs bellow follow from (1.2), since the transformation (2.1) is a canonical one), 
namely 

[Ri,r a j] = [Pi,r a j] = [Ri,p a j] = [Pi,p a j]=0, i,j = 1,2,3, a = l,...,n, (2.6a) 
[R j ,P k ]=ihS jk , [R j ,R k ] = [P j ,P k ]=0, j,fc = l,2,3, (2.66) 
[r a j,P0k]=iTi6 a p6jk, [r a j,r 0k ] = \p a j,pp k ] = 0, j,fc = l,2,3, a,0 = 1, . . . ,n. (2.6c) 

We wish to study other, dynamically dependent, solutions. Our purpose is not to determine all possible 
operators, satisfying P1-P3. Rather than that we restrict ourselves to noncanonical solutions only for the 
internal variables r Q , p Q , a = 1, . . . , n. In accordance with the canonical case, we accept 

Assumption 1. The CM variables commute with the internal variables, i.e., Eqs. (2.6a) hold. 

Under this assumption Eqs. (2.4)-(2.5) resolve into two independent groups, the first one depending 
only on the CM position and momentum operators: 

P 

CM Hamiltonian Eqs. P = 0, R = — -, (2.7a) 

ra(n + 1) 

CM Heisenberg Eqs. P = ~\P, H CM ], R=~\R,H C m]- (2.76) 
The second group depends only on the internal variables (a = 1, . . . , n): 

Internal Hamiltonian Eqs. p a = -mw 2 r a , r Q = — , (2.8a) 

TO 

x t 

Internal Heisenberg Eqs. p a = — — [p Q , H], r a = — — [r a ,H}. (2.86) 

With the next assumption we solve equations (2.7). 

Assumption 2. The center of mass coordinates and momenta are canonical, they satisfy Eqs. (2.6b). 

Consequently the centre of mass behaves as a free canonical point particle with a mass m(n +1). Thus 
we are left with the equations (2.8), which coincide with the Hamiltonian and the Heisenberg equations of 
a (noncanonical) 3n— dimensional harmonic oscillator. 

Turning to the Galilean covariance, we note that in the canonical situation the state space W caries a 
projective representation of G and of its Lie algebra g. It is an exact representation of the central extension 
g of g with the generator of the total mass of the system. As in the canonical quantum mechanics, we accept 
the following identification between the generators of g and some of the observables of the (n + 1)— particle 
system: 

Assumption 3. 

1° The angular momentum operatots J = L + M are generators of the algebra so(3) 



of the space rotations, (2.9a) 

2° H to t = Hcm + H is a generator of the translations in time, (2.96) 

3° The operators of the total momentum P are generators of the space translations, (2.9c) 

4° K = juR — Pi are generators of the accelerations. (2.9d) 
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In (2.9) t is the time, fi = m(n + 1) is the mass of the system. This already means we have chosen a 
representation of g with a value /i of the mass operator (which is one of the Casimir operators). L = 
(Li,L 2 , L 3 ) are the operators of the angular momentum of the centre of mass, 

1 3 

£i= 2R? E * A} ' (2 - 10) 

3,k=l 

which generate also an so(3) algebra, denoted as so(3)cm- M = (Mi,M 2 ,M 3 ) are operators still to be 
determined. In the fixed mass representation the generators of g satisfy the commutation relations (J, k, I = 
1,2,3) [13]: 

[Jj,Jk] = iejkiJi, [Jj,Pk] = iejkiPh [Jj,Kk] = i£jkiKi, [Jj,H tot ] = 0, (2.11a) 

[P 3 ,P k ] = Q, [P j ,K k ] = -ih5 jk n, [Pj,H tot ]=0, (2.116) 

[Kj,K k ] = 0, [K^Htot] = ihPj. (2.11c) 

The Galilean covariance is to a big extent covered by the above commutation relations, which have to 
be satisfied together with Eqs. (2.8). In particular from (2.11) one concludes that J, P, R and K transform 
as vectors. From (2.11) however does not follow that r Q , p Q are vectors. This is a problem still to be solved 
and we will solve it in few steps. 

Observe first of all that the generators of the centre of mass L, P, K and Hqm satisfy (2.11) (with Lj 
instead of Jj). Hence these generators define a (projective) representation of an algebra, isomorphic to g, 
denoted here as gcM- This is a representation of a point particle with a mass fi. The operators L and Hcm 
generate (a representation of) the subalgebra so(3)cm © m(1)cm C gcM- 

In the canonical case M is a vector operator, commuting with H and both M and H are in the enveloping 
algebra of r a and p a , a — 1, ... ,n. More precisely, 

n _^ 3 

Mi = Mai, M *i = 7j^Yl e i]k {r a j,p a k}- (2.12) 

a— 1 3-k—l 

Therefore also here we assume that M can be expressed in terms of the internal variables. 

Assumption 4- The components of M and H are generators of so(3)i n t © u(l)mt- They are in the 
enveloping algebra of the internal position and momentum operators r a ,p Q , a = l,...,n. M, r a , p a 
transform as vectors with respect to so(3)i„ t : 

[Mj,M k ] = iejkiMi, [Mj,r ak ] = ie jk ir a i, [Mj,p ak \ = isjkiPal, a = l,...,n. (2.13) 
From Assumption 4 follows that the operators 

J = L + M, P, K = fjR — Pi, H tot = H C M + H (2.14) 
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satisfy Eqs. (2.11). Moreover, the operators Ra, Pa, r«, p a ,R, P, J, K, L, M transform as vectors. 
In particular, 

[Jj,A k ] =ie jk iAi for any Ae {Ra, P A , r Q , p Q ,R, P, J, K, L, M}. (2.15) 

In other words, P3 is a consequence of Assumption 4. From the same assumption we conclude that gcM 
commutes with so(3)i n t © w(l)mt (with H being a generator of u(l)i n t). Therefore the (physical) Galilean 
algebra g is a subalgebra of a larger (Lie) algebra gcM © so(S)i n t © u{l)i n t- Hence given representation of g 
is realized in a state space W, which is a tenzor product of the canonical "free-particle" state space Wcm 
with mass fi and a module ^representation space) Wi n t of the algebra so(3)i n t © u(l)j n t, 

W = W CM ® W int . (2.16) 

The CM variables R, P, L are hermitian operators in Wcm- Therefore all operators H to t, Hcm, H, Ra, 
Pa, r a , p Q ,R, P, J, K, L, M will be Hermitian operators in W, if r a , p a and M are Hermitian 
operators in Wi nt - Thus condition PI holds if (still the unknown operators) r a , p Q and M are hermitian 
operators in Wi nt ■ 

We summarize. The (n + 1)— particle system with a Hamiltonian (1.1) is a Wigner quantum system, 
i.e., the postulates P1-P3 hold, if 

Pl»nt- The state space Wi nt is a Hilbert space. The observables (in this case r a , p a , rv^I and _ff) arc 
Hermitian operators in Wi nt - 

P2 int . The internal Hamiltonian equations (2.8a) and the internal Heisenberg equations (2.8b) are 
identical (as operator equations) in Wint ■ 

P3i n t {= Assumption 4)- The internal Hamiltonian H and the components of M are generators of 
so(3)i n t © u(l) int . They are polynomials of the internal position and momentum operators r Q , p Q , a = 
1, . . . , n , so that 

[M h H]=Q, [M j ,A k ]=is jkl A l , A k e{M h r ai , p ai |* = l,2,3; a = l,...,n}. (2.17) 

The above postulates identify r Q and p a , a = 1, . . . , n as position and momentum operators of a 
noncanonical 3n— dimensional Wigner quantum oscillator. We proceed to study an example of such an 
oscillator or, more precisely, of such oscillators, since the position and the momentum operators will have 
several inequivalent representations. 

3. sl(l/3n) Wigner quantum systems 

The problem of constructing a WQS with a Hamiltonian (1.1) has been reduced to a problem of building a 
Wigner quantum oscillator, namely a 3n— dimensional noncanonical oscillator with a Hamiltonian 

a=l 
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Hamiltonian equations 

p tt = -mw 2 r tt , r a = — , a = l,...,n, (3.2) 

TO 

and Heisenberg equations 

P a = -^[p a ,H], r a = --[r a ,H], a = l,...,n, (3.3) 

for which the conditions Plj n j — P3 int hold. 
Eqs. (3.2) and (3.3) are compatible only if 

ih 

[H,p a ] = ihmu; 2 r a , [H,r a ] = p Q . (3.4) 

TO 

In this section we introduce one particular set of Wigner quantum oscillators, which we call sl(l/3n) 
oscillators, and investigate some of the properties of the related (n + 1)— particle system. The reason to 
choose this name is of an algebraic origin and will be explained in Subsect. 3.3. 



3.1 Satisfying conditions ~P\ int — P3 irlt 

Introduce in place of r Q , p a new unknown operators 

+ / (3n — l)mu! I (in — 1) _ „ „ „ „ . . 

a «k = y~ ^ r « l±, vW P( * fc = 1,2,3, a = l,2,...,n. (3.5) 

For the sake of convenience we refer to a+ k and to a~ k as to creation and annihilation operators (CAOs), 
respectively. These operators should be not confused with Bose operators. They are unknown operators we 
are searching for. In terms of these operators the internal Hamiltonian (3.1) and the compatibility condition 
(3.4) read 

t> n 3 

ff = ^TlE E{ a -<J> ( 3 - 6 ) 

Q — 1 2—1 

n 3 

EE[K J ' a «}' a -] = T(3n-l)a±, i = 1,2,3, a=l,2,...,n. (3.7) 

0=1 3 = 1 

As a solution of Eq. (3.7) we choose operators a^ kl k = 1, 2, 3, a = 1, 2, . . . , n, which satisfy the 
relations 

= S jkhi a li - 6ijS a 0a+ k , (3.8a) 
[{ a ii- a /3j}> a jk\ = -SikSa-yOpj + S^S^a'^ (3.86) 

We recall that all considerations are in the Heisenberg picture. The position and the momentum 
operators depend on time. Hence also the CAOs depend on t. Writing the time dependence explicitly, we 
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obtain: 



Hamiltonian equations d^ k (t) ~ ^fiu;a^ k (t), (3-9) 

n 3 

Heisenberg equations d± fc (t) = ~^—[ Yl W' { a % (*)> a « (*)>]■ ( 3J0 ) 

/3=1 j=l 

The solution of (3.9) is evident, 

««*(*) = e^( T ^)a± fe (0) (3.11) 

and therefore if the defining relations (3.8) hold at a certain time t = 0, i.e., for a^ fe = a„ fc (0), then they 
hold as equal time relations for any other time t. From (3.8) it follows also that the Eqs. (3.10) are identical 
with Eqs. (3.9). For further references we formulate this result directly in terms of r a and p a . 

Conclusion 1. Within any representation space Wi nt of the CAOs (3.8) the Hamiltonian equations 
(3.2) are identical with the Heisenberg equations (3.3), i.e., the condition P2 int holds. The explicit time 
dependent solutions of these equations read: 

rak{t) = {w^^ {a+ake ~ iuJt + <k ^ % Pak(t) = ~ l {^i [<ke ~ lU3t " <k ^ t] - (3 - 12) 

Turning to condition P3i„i, we set 

3 3n - 1 3 
M »j = ~i X! £ oki{ a tk^ a ai\ = ^r— ^2 £jki{r a k,p a i}, j = 1,2,3, a = l,2,...,n. (3.13) 

k,i=i k,i=i 

Then 

3 

[H, M aj ] = 0, [Maj, M ak ] = i £ 3 kiM a i, j, k,l = l, 2, 3, (3.14) 

i=i 

i.e., for each a = 1,2, ... ,n the operators M Q = (M a i, M a2 , M a3 ) are generators of an so(3) algebra, which 
we denote so(3) a . Eqs. (3.8) yield that any two different algebras commute, 

[so(3) a ,so(3)p] = Va^/3= l,...,n. (3.15) 

It is straightforward to check that the operators H and Mi = X^a=i sa tisfy Eqs. (2.17). Thus, we have 
Conclusion 2. Within any representation space Wi nt of the CAOs (3.8) the operators H and M = 

(Mi, M 2 , M 3 ) satisfy the condition P3 int - 

It remains to define the (internal) position and the momentum operators r a and p a , corresponding to 

the CAOs (3.8), as linear Hcrmitian operators in a Hilbert space, which will be the internal state space 

Wint- In terms of the creation and the annihilation operators this means that the Hermitian conjugate to 

a^ k should be equal to a~ k , i.e., 

Kk)"=<k- (3-16) 

The CAOs (3.8) have several representations. Here, as in [1], we consider only representations which 
are obtained by the usual Fock space technique. The irreducible Fock representations are labelled by one 
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non-negative integer p = 1,2,..., called an order of the statistics. To construct them assume that the 
corresponding representation space W(n,p)i nt contains (up to a multiple) a cyclic vector |0), such that 

a~i\0)=0, a- i a+ j \0)=p5 af3 6 ij \0), i,j = 1,2,3, a = l,2,...,n. (3.17) 

The above relations are enough for reconstructing the representation space W(n,p)i nt - Let 

6 = {#11, #12, #13, 021,022, 023, ■ ■ ■ , 0nl, 0n2, 0n3} ■ 

Since (a^) 2 = 0, from (3.17) one derives that the set of all vectors 



\ P ; 6) EE \p; 11 ,0 12 ,013, #21, #22, #23, • • • , 0nl,0n2, #„3> = \ ~ ^fr^ fl U.«i) 



1 Q = li=l 



S V ^ E "^P =1 ^ )! ( a n) eil (^) ei2 (^) ei3 (4i) 921 (4 2 )^ • • ■ (4i)^4 2 )*" 2 (4 3 ) e " 3 |0) (3-18) 

with 

n 3 

ai = O, 1 and fc=^^# ai <p, (3.19) 

a— 1 i—l 

constitute an orthonormal basis in W(n, p)i nt with respect to the scalar product, defined in the usual way with 
"bra" and "ket" vectors and (0|0) = 1. We underline that the product of the multiples in []" =1 n»=i ( a ai) 9 '" i 
is ordered as indicated in (3.18) 

Let \p;Q)± a i be a vector, obtained from \p; 6) after a replacement of a i with ai ± 1. Then the 
transformation of the basis under the action of the CAOs read: 



fl-|p;e)^ al (-lf" 



\ 



n 3 



p-EE 9 « + 1 Ip: )-»' ( 3 - 20a ) 

/3=1 j=l 



a+> ; e) = (i-# m )(-i) ei1 



1 



/3=1 i=l 



The next conclusion is easily verified. 

Conclusion 3. The operators r Q , p Q , M and iJ arc Hcrmitian operators within every Hilbert space 
W(n,p) int , p= 1,2,.... 

Remark. The requirement X^«=i Si=i ®d — P can be skipped. In such a case one is getting a larger 
representation space, which carries an indccomposible representation of the CAOs. The hcrmiticity condition 
(3.16), however, cannot be satisfied in this larger space. If p is not a positive integer, (3.16) also cannot be 
fulfilcd in a space with a positive definite metric. 

We have satisfied all requirements of conditions Plmt — P3j n t. Hence within each state space W(n,p)i n t 
the sl(l/3n)— oscillator is a Wigner quantum oscillator and the related (n + 1)— particle system is a Wigner 
quantum system with a state space 

W(n,p) = W CM ® W{n,p) int . (3.21) 
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3.2 Properties of the sl(l/3n) quantum systems 



3.2.1 Spectrum of the internal Hamiltonian 

Note, first of all, that the internal state space W(n,p)i n t is finite-dimensional. From (3.6) and (3.20) one 
concludes that the internal Hamiltonian H is diagonal in the basis (3.18), 

H\p; 9) = (3np - (3n - l)k) \p; 9) , (3.22) 

where according to (3.19) 

fc = 0,l,2, ...,min(3n,p). (3.23) 
Therefore the internal energy of the system takes min(3n,p) + 1 different values: 

E k = - ^ (3np - <3n - l)k) , k = 0, 1, 2, . . . , min(3n,p). (3.24) 
3n — 1 V / 

As in the canonical oscillator the energy spectrum is equidistant. To each energy there correspond ( ^) 
(linearly independent) states, namely all basis vectors \p; 9) with fixed value of k. 

3.2.2 Internal angular momentum 

The internal state space W(n,p)i nt carries a reducible representation of each so(3) a . The angular momentum 
of each oscillating "particle" is either or 1: 

M 2 |p;9) = 0, if 6 al = 6 a2 = 9 a3 and M 2 a \p;Q) = 2\p;B) otherwise. (3.25) 

Each basis vector \p; 6) is an eigenvector of the square of the intermal angular momentum M 2 : 

M>;9) =M(M + l)|p;9), M = 1, 2, . . . , n, (3.26) 

i.e., the internal angular momentum of the composite (n+1)— particle system takes all integer values between 
and n. This conclusion holds for any representation of the CAOs. The multiplicity of each individual value 
of M 2 depends, however, on the order of the statistics p, namely, on the representation. 

3.2.3 Geometry and space size of the system 

Let us consider first the n— dimensional Wigncr oscillator as such, independantly of the initial (n+1)— particle 
system. In order to avoid confusions, we refer to the constituents of the oscillator as to oscillating "particles" 
(or simply "particles"). 

It is straightforward to check that the square of the radius vector r 2 of each "particle" commutes with 
the (internal) Hamiltonian and, moreover, all operators r 2 commute with each other, 

[ff,r 2 ]=0, [r 2 ,r 2 ]=0, a, = 1, . . . , n. (3.27) 
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Hence all operators r 2 can be simultaneously diagonalizcd. The basis vectors \p; 6) are eigenvectors of these 
operators: 

ft, 3 

r'b;e) = - (s P -3k + V^)b;6), a = l,...,n. (3.28) 

(3n — 1 mw V ' / 

v ' i— 1 

The latter indicates that the "particles" move along spheres with radiuses 



r a = 



\ (3ra- Fjr 



jmuj 



k = 0, 1,2, ...,min(3n,p). (3.29) 



Setting in (3.29) k = 0, one obtains the maximal radius. Hence the spatial size of the oscillator (its diameter) 
is 

d = 2 K L- 3H P —. (3.30) 
y(3n-l)mw v ' 

The different "particles" can stay simultaneously on spheres with different radiuses. The positions of the 
"particles" on the spheres, however, cannot be localized, since the coordinate operators do not commute 
with each other, [r ai , r a j] ^ 0, i ^ j = 1, 2, 3. The geometry of the oscillator is noncommutative. 

Let us turn to the (n + 1)— particle system. The expressions of and in terms of the Jacoby 
variables and also in terms of the CAOs read: 



A-l 1 



Ra =r v^ rA - i + E 



a=A 



a(a + l) 



a— A V 



Po 



Therefore also in this case the geometry is noncommutative. A new, somewhat unexpected feature here 
is that the distance operators between the particles do not commute, namely in general 

[(K A - R B ) 2 , (R c - R fl ) 2 ] ^ 0, if (A, B) ? (C, D). (3.33) 

The only square-distance operator, which is diagonal in the basis (3.18), is (Ri — R2) 2 . From the general 
expression (3.31) we obtain 

1ft 3 

( Rl - R2 ^ 2r -(3^»«rJ. (3-34) 

Therefore 

2ft, 3 

(Ra - R 2 ) 2 \p; 6) = hp - 3fc + V Ou) \p; 6). (3.35) 

3n — 1 V f— ' / 



(3n — l)mu 
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Hence the spectrum of |Ri — R 2 | = \j (Ri — R2) 2 reads: 



\ 75 7T (3p-3fc + V^), fc = 0,1, 2,..., min(3n,p). (3.36) 

\ (3n — l)mw V / 



In particular the maximal distance D between the first and the second particles is 



D = J - . (3.37) 

y (3n - l)mw v ; 

Since both if and (Ri — R2) 2 are diagonal operators, they commute, 

[if, (Ri - R 2 ) 2 ] = 0, (3.38) 

and therefore the distance between the first and the second particles is preserved in time, it is an integral of 
motion. 



It is natural to expect that the spectrum of \Ra — Rs| = y (Ra Rb) 2 for any A / JS A,B = 
1, . . . ,n + 1 is the same as those of |Ri — R 2 |. In particular the maximal distance between the particles 
with numbers A and B should be D. Whether this is, however, the case is not so easy to see. The point 
is that all our construction is very asymmetrical, it depends on the way one is numbering the particles. In 
particular the Jacoby variables (2.1) and hence also the related CAOs (3.5) do depend strongly on the fixed 
numbering. If one is renumbering the position and the momentum operators, setting 



R a = R CT ( a ), P Q = Pcr(a) with o~ £ Sn being any permutation 



a(l), (7(2), <r(3), a(n))> 

this will lead to new creation and annihilation operators (see (3.5)) and hence in principle to a new 
representation space according to (3.17). 

In the following we show that the representation (and the representation space) remains the same, when 
renumbering the particles. We diagonalize also (R^ — Rs) 2 and show that its spectrum is the same as of 
(Ri — R2) 2 (see (3.35)). To this end we first formulate a simple proposition, which proof is straightforward. 

Proposition 1. Let S be any n x n symmetric orthogonal matrix: S T — 5, S T S = 1. Then 
(a) The operators 

n 

E%*4 ( 3 - 39 ) 

13=1 



5 ai 



n 3 ^ n 3 

u>n \ -> \ r , _ , LUh 



satisfy (3.8); 

(b) 

H = E Efe <^ = 3^1 E Ete a ai>; (3-40) 

a— 1 z—l a— 1 i — 1 

(c) If Eqs. (3.17) hold, then 

«a»|0) = 0, a- i a+|0)=^ Q/3 ^|0), i.j = 1,2,3, a = l,2,...,n. (3.41) 
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(d) Let P = P(af L , a^ 2 , a+ 3 , a^, a^ 2 , a^ 3 , . . . , a^, a^ 2 , a+ 3 ) be any polynomial of the creation operators 
and P = P(a+, 5+ , 5+ , a+, 5+ , a+, . . . , a+ 1; a+ 2 , a+ 3 ). If [if, P] = 0, then [if, P] = 0. 

(e) If ria=i rii=i( a ii) eQi |0) i s an eigenvector of the operator P with an eigenvalue c(p, 9), i.e., 

n 3 n 3 

p n n( a -) e ° s i°) = c ^ e ) n Hi^m, 

a— 1 i—l a— 1 z— 1 

then n«^i Yli=i(^ai) d<xi |0) * s an eigenvector of P, corresponding to the same eigenvalue c(p, 0): 

n 3 n 3 

p n n(^) ec "i°) = e ) n u^ 9 ^- ^ 

a—1 i—l a—1 i—l 

We proceed to find the transformatons of the CAOs under permutations of the Cartesian coordinates 
R Q i and momenta P a ,. From (2.1) and (3.5) one derives 



,± 



. 

This relation is preserved if permuting the Cartesian variables: 



~ a tk 



Consider the simplest permutation, namely a transposition 

R A+1 =R A , P A+1 = P A , R A = R A+1 , P A = P A+1 , R c = Rc, Pc = Pc, ifC^A,A+l. (3.46) 

Replacing in (3.45) Rck and Pc/c with Pc/j and Pck, C — 1, . . . ,n + 1, and expressing the latter through 
the CAOs from (3.31) and (3.32) we obtain: 

n 

atk = ^{sA+i,A)fi a a%, (3.47) 
0=1 

where sa+i,a is n x n matrix with the following nonzero matrix elements: 



(3.48) 



{sa+1,a)a-1,A-1 = — (SA+1,A)A,A = {SA+l,A)a,a = 1 ; a ^= A — 1, A; 

(sa+i,a)a-i,a = {sa+i,a)a,a-i = — ^ 

Eq. (3.47) gives the transformation of the CAOs, corresponding to the transposition (3.46). 
For any A < B = 1, . . . , n + 1 set 

<SU,B = SA,A-lSA-l,A-2SA-2,A-3 ■ ■ ■ S2,lSB,B-lSB-l,B-2SB-2,B-3 ■ ■ ■ S3, 2- (3.49) 

The above matrix leads to a transformation of the CAOs 

n 

h tk = ^2{SA,B)p a ap k , (3.50) 
/3=i 
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corresponding to a transposition 2 <-» B, followed by 1 <-» ^4 of the Cartesian variables. Then from (3.34) 
and (3.50) we derive: 



2h ' 



(R„ - R„f = £{«+,«;;}. (3.51) 



i=l 



The matrix SU,b satisfies the requirements of proposition 1: it is symmetric and S ab Sa,b = 1- Therefore 
the operators (3.50) satisfy (6) and (c) of proposition 1. Consequently, (b), (3.34) and (3.51) yield: 

[H, (Ra - Rb) 2 ] = 0, (3.52) 

whereas from (c) one concludes that the Fock space corresponding to a^ k is the same as of a^ fc . Writting 

(3.35) in the form 

9fi 3 n 3 „ fi 3 n 3 

idkD«>r,i n n«.) 8 -i°> - (5rn5s=(»-*+2>) n n«.) 9 -io), (3.53) 

v ; i=l a=li=l v ; i=l a=li=l 

and applying (e) of proposition 1, we have 

3 n 3 „^ 3 n 3 

Ett« n nei^m - <dW* - M + S» n n«<> 8 -i<». 

v ' i=l a=li=l v ' i=l a=li=l 

i.e. (see (3.51), 

n 3 ^ 3 n 3 

(R4 r B ) 2 n n^- 1 i°) = (3n _ ( 3 p - 3fc + e n n^) " i°> • ( 3 - 54 ) 

a—l i—1 ^ ' i—1 a—1 i—1 

Thus Ila=i Ui^ii^ti) 6 ^ |0) are the eigenvectors of (Ra — Rs) 2 and hence the spectrum of |R^ — Rs| is 

(3.36) , i.e., the same as of |Ri — R 2 |. 

The conclusion is that the distances between the particles are quantized. The maximal distance is D 
as given with (3.37). Hence the space size of the composite system is D. The system exibits a nuclear kind 
structure: the n + 1— particles move in a small volume around the centre of mass. Since the coordinates do 
not commute, the particles are smeared with certain probability within the volume. For any two particles 
with, say, numbers A and B one can always diagonalize |R,4 — Rb| simultaneously with the Hamiltonian, 
i.e., the distance is preserved in time. It is not possible however to diagonalize simultaneously all distance 
operators, since (see (3.33)) they do not commute. 

Let us try to analyze the reason and the amount of the noncommutativity of the coordinates. Since 
these operators act in the space W(n,p) = Wcm ® W(n,p)i nt , a more rigorous way to write (3.31) is 



R - = R0l + l0 {-V^ r - 1+ SV^ TT yr4, (3.55) 

a— A v 



where 1 is the unity operator (in the corresponding spase). In the canonical quantum mechanic all operators, 
having a classical analogue, and in particular the coordinates of the A th particle Ra are operators only in 
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Wcm, i-e., Ra = R ® 1. The only operator acting nontrivially in W(n 7 p) int is the spin operator M. 
In our case, due to the second term in (3.55), also the coordinate operators transform W(n,p) int . The 
second terms are small, they are proportional to \f% (see (3.31)), and therefore in a first approximation 
can be neglacted. If so, then the coordinate operators of all particles Ra coincide with the centre of mass 
coordinates R and the composite system behaves as a canonical point particle with mass fi = m(n+ 1). The 
terms j — r a-\ + J2a=A \j a (a+i) r "} * n (3-55) split the point particle into n + 1 "pieces", which 

move in a volume with linear dimension D around the centre of mass. Only within this small volume the 
coordinates do not commute. To check however this "experimentaly" is nontrivial, since it is imposible to 
isolate one of the particles, taking it away from the centre of mass. 



3.3 A short insight into the algebraic structure 

In the present subsection (see also [1]) we discuss shortly the underlying Lie superalgebraical structure of 
the creation and the annihilation operators (3.8). The presentation is independent from the other part of 
the paper. 

As we have already indicated, any 3re pairs of canonical position and momentum operators, namely 
operators with relations (2.6c), provide the simplest solution of Pli„ t — P3 int . It is not so well known that 
these operators can be considered as odd generators of a Lie superalgebra. The simplest way to show this is 
to pass to the related Bose creation and annihilation operators: 



h ak = \l'-^T r ak T ~^=^Pak, OL = 1, . . . , U, k = 1, 2, 3. (3.56) 



mui i 

It is straightforward to show that the Bose CAOs give one particular representation, the infinite-dimensional 
Fock representation, of the relations 

[{Bi i ,Bj j },B^]=6 aj 6 ik (e-^Bj j + 6 07 S jk (e-7])Bi i , i,j,k = 1,2,3, a, (3, 7 = 1, . . . , n, £, 77, e = ± or ±1. 

(3.57) 

Any set of operators with relations (3.57) generate a Lie superalgebra (LS) [14]. It turns out [15] this 
is the orthosymplectic LS osp(l/6n). The operators B^ are its odd generators, whereas all anticommutators 
{B^, Bjj} span the even subalgebra sp(6n). In the terminology of Kac [16] osp(\/Qn) is one of the basic Lie 
superalgebras. Let us mention that in the quantum field theory the operators B^ are known as para-Bose 
operators. They were introduced by Green as a possible generalization of the statistics of integer spin fields 
[17]. 

The creation and the annihilation operators (3.8) generate also a basic Lie superalgebra [1]. Although its 
relations are similar to (3.57), the algebra is very different. In this case it is the special linear Lie superalgebra 
s^(l/3n). Its odd generators are the CAOs; all anticommutators {a^, aj^-} span the even subalgebra, which 
is the Lie algebra gl(3n). This is the reason to call the (n+ l)-particle system with CAOs (3.8) an s^(l/3n) 
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Wigner quantum system. Resently Okubo has shown that the CAOs (3.8) can be viewed also as generators 
of a Lie supcrtriplc system [18]. 

Any representation of the CAOs (3.8) defines a representation of sl(l/3n) and vice versa. Therefore the 
question to determine the representations of the CAOs (3.8) is equivalent to the problem to construct the 
representations of sl(l/3n). The hermiticity condition (3.16) defines an antilinear antiinvolution on sl(l/3n). 
By definition the representations in Hilbet spaces, which satisfy (3.16) are called unitary representations 
(with respect to this antiinvolution). It turns out all such representations are finite-dimensional. They 
were explicitly constructed in [19] and are labelled with 3n numbers, the coordinates of the highest weight. 
Therefore the Fock representations, considered here, give a small part of all representations, for which the 
conditions Plmt — P3i„t can be satisfied. 

Elsewhere we will consider Wigner quantum systems with CAOs generating another basic LS, namely 
sl(n/3). The LSs sl(n/3) and sl(l/6n) belong to the class A in the classification of Kac [16], whereas the 
algebras osp(l/6n) are from the class B. There are two more infinite classes C and D of basic LSs. It will be 
interesting to see whether one can introduce CAOs, corresponding to some of them. Certainly one needs not 
to restrict to solutions, which generate simple LSs. The oscillator conditions Pli„ t — P3 int can be satisfied 
with semisimple LSs and in particular with direct sums of LSs as for instance 

e? = i«/(l/3) or e£=i oap(3/2). (3.58) 

This possibility will be a subject of future considerations. 

4. Statistics of the creation and the annihilation operators 

Here we discuss shortly the statistics, corresponnding to the algebra of the operators (3.8) and compare it 
with the very similar statistics of the g— ons [10]. 

To this end we interpret (rcsp. a~J as an operator creating (resp. annihilating) a particle in a 
(one-particle) state (= orbital) (m). Then the Pauli principle of the statistics, corresponding to the CAOs 
(3.8) says that on every orbital there cannot be more that one particle (Fermi-kind property, following from 
(3.8c)). In addition to this, however, it requires that no more than p orbitals can be simultaneously occupied. 
The latter is due to the requirement (3.19), namely J2a=i Si=i ®°a ^ P- If> f° r instance, certain p orbitals 
are occupied, then the possible change A6pj of the occupation numbers of any other orbital is zero, A6pj = 0. 
Therefore the A-superstatistics is among the exclusion statistics, introduced by Haldane [9]. In fact it is very 
similar to the statistics of the g— ons as defined by Karabali and Nair. We refer to it as to Karabali-Nair 
statistics (KN-statistics). The latter goes beyond the thermodynamic formulation, attempting a microscopic 
desctiption of the many-body state space, generated out of a vacuum vector with polynomials of creation 
and annihilation operators (we keep close to our notation). In order to compare it with the statistics of 
the CAOs (3.8), we recall the main assumptions of the KN-statistics. 
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(1) If |6) = \6u, 012, #13, #21, #22, #23, ■ • ■ , #ni, #«2, #«3) is a state with 9 al particles on the orbital (m), 

then 

flail©) = c ± {Q)\Q)± ai = \0n,e 12 ,...,e ai ±i,...e n2 ,e n3 ), (4.1) 

where c^(Q) are constants, depending on the statistics. 

(2) There exists a number operator N a i of the particles on the orbital (m), which is a function of a^a"^ 
so that 

[N^, a%] = ±5 aP 5 lja ^ r (4.2) 

Therefore 

N ai \p,e) = e ai \ P ,e). (4.3) 

(3) For any numbers c a i there exists an integer m, so that 

n 3 

(EE c - a «r =°- (4 - 4) 

a — 1 i— 1 

(4) The CAOs satisfy the relations gQo^- = Rai,/3j^jO-ai^ wnere Rai,/3j are numbers. 

(5) The CAOs satisfy in addition the relation [a^a^, .] = 0. 

Clearly the main properties of the Fock representation of the CAOs (3.8) in W(p, n) are very similar to 
the KN-statistics. Assumption (1) is the same as (3.20). The number operator reads 

n 3 
/3=1 i=l 

Therefore (2) also holds, but A^q.^ is not a function only of a^a^, but of all creation and annihilation 
operators. Assumption (3) holds in our case for m = p and (4) is fulfilcd with R a i.pj = — 1. The assumption 
(5) of the KN-statistics is not satisfied in our case. 

Finally, we mention that the creation and the annihilation operators (3.8) (with n = oo) were introduced 
for the first time in quantum field theory as a possible generalization of the statistics of the tenzor fields [20] . 
In that case they generate the infinite-dimensional Lie superalgebra sZ(l/oo). The corresponding statistics 
was called A— superstatistics. Recently a representation of the A— superstatistics, corresponding to p = 1 
and called ortho- Fermi statistics was independently proposed by Mishra and Rajasekaran [21]. 

5. Concluding remarks 

The most difficult question to answer in relation to the present approach is why do we interpret the non- 
canonical operators R Q and P Q as coordinates and momenta. A rigorous proof to this question we cannot 
give. There exists however no proof why the CCRs should necessary hold. This has been noted already by 
Wigner [5]. All main quantum postulates are satisfied by any WQS. A criterion for accepting or rejecting a 
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given WQS have to be its predictions and finally the experiment. In this respect some of the predictions of 
the WQSs are of interest. Quite new, nonconventional feature of the si (l/3n)— quantum system, for instance, 
is its finite size. The particles move in a small volume around the centre of mass. In a first approximation 
(see (3.31)), neglecting the terms proportional to \/%, R a and P Q arc canonical, they coincide with R and P. 
The noncommutativity of the coordinates and, more generally, the deviation from the CCRs, is due to small, 
proportional to y/K, terms added to the CM coordinates and momenta. As a result a point particle of mass 
/x = m(n + 1) splits into n+1 "pieces" with mass m. Only those small, proportional to \/%, coordinates of 
the "pieces" with respect to the centre of mass are noncommutative. In this way the canonical point particle 
is "dressed" with internal structure and it is this "dressing", which is noncanonical. In the limit h — > the 
structure disappears; all n + 1 "pieces" fall onto the centre of mass. The composite system becomes again 
a free point particle. It seems to us that such a picture deserves an attention. After all it is unclear so far 
whether the protons and the neutrons within a nucleus or, say, the constituents of a hadron, the quarks, are 
canonical. 

In answering the above question we could have been also more formal. Nowadays, following the ideas of 
Connes [22] , a lot of work is done in the field of the noncommutative geometry. The quantum groups and the 
related to them deformed oscillators (see [23] for a list of references) provide other examples of noncanonical 
quantum systems. 
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